Abstract. In this paper, we introduce and study the notions of upper and lower rarely s-precontinuous multifunctions which are a generalization of weakly s-precontinuous multifunctions due to Ekici and Park [3] .
Introduction
Popa [14] introduced and studied an important concept of rare continuity as a generalization of weak continuous functions due to Levine [9] . In the literature, further studies related with rare continuity have been occured, for example [2] , [4] , [6] , [12] . In 1978, Kohli [8] defined a function f : X → Y to be s-continuous if for each x ∈ X and each open set N of Y containing f (x) and having connected complement, there exists an open set M of X containing x such that f (M ) ⊂ N . Subsequently, in 1989, Lipski [11] extended the notion of s-continuous function to the setting of multifunctions. Later on, in 2000, Popa and Noiri [15] introduced the notion of s-precontinuous multifunctions. Also, Ekici and Park [3] have been introduced and studied weakly s-precontinuous multifunctions. The notion of weakly s-precontinuous multifunctions is a generalization of s-precontinuous multifunctions due to Popa and Noiri [15] . In this paper, we introduce and study the notion of rarely s-precontinuous multifunctions which is a generalization of weakly s-precontinuous multifunctions due to Ekici and Park [3] .
In this paper, spaces X, Y and Z mean topological spaces on which no separation axioms are assumed unless explicitly stated. Cl(N ) and Int(N ) represent the closure of N and the interior of N , respectively for a subset N of a space X. Definition 1. A subset N of a topological space X is called (1) preopen [13] if N ⊂ Int(Cl(N )), (2) semiopen [10] if N ⊂ Cl(Int(N )), (3) regular open [16] if N = Int(Cl(N )).
Recall that a rare set is a subset N of a topological space X such that Int(N ) = ∅. The complement of a preopen set is called preclosed [5] . The intersection of all preclosed sets containing a subset N of a space X is called the preclosure of N and is denoted by pCl(N ). The union of all preopen sets contained in a subset N of a space X is called the preinterior of N and is denoted by pInt(N ).
By a multifunction F : X → Y , we mean a point to set correspondence from X into Y and assume that F (x) = ∅ for all x ∈ X. Let F : X → Y be a multifunction. We denote the upper and lower inverse of a subset N of a space Y by F + (N ) and F − (N ), respectively, which are defined as follows:
upper s-precontinuous [15] if for each x ∈ X and each open set M having connected complement such that x ∈ F + (M ), there exists a preopen set N containing x such that N ⊂ F + (M ).
upper (resp. lower) weakly s-precontinuous [3] if it is upper (resp. lower) weakly s-precontinuous at each x ∈ X. 
Rarely s-precontinuous multifunctions
lower rarely s-precontinuous at x ∈ X if for each open set M having connected complement with F (x) ∩ M = ∅, there exists a rare set R M with M ∩ Cl(R M ) = ∅ and a preopen set N containing x such that (3) upper (resp. lower) rarely s-precontinuous if it is upper (resp. lower) rarely s-precontinuous at each x ∈ X.
Theorem 5. Let F : X → Y be a multifunction. The following properties are equivalent:
for every open set M having connected complement with
for each open set M having connected complement with
for every open set M having connected complement with 
Hence, N is a preopen set containing x. We have
Thus, 
We take
Hence, W and V are rare sets and R M = W ∪ V is a rare set such that
(2) ⇔ (6). It follows from the fact that None of these implications is reversible as shown in the following example and in [3] . (1) F : X → Y is lower rarely s-precontinuous at x ∈ X, (2) there exists a rare set
Proof. (1)⇒(2). Suppose that
M is an open set having connected complement with F (x) ∩ M = ∅. Since F : X → Y is lower rarely s-precontinuous at x ∈ X, then there exist a rare set R M with M ∩ Cl(R M ) = ∅ and a preopen set N containing x such that 
(2)⇔(3). It follows from the fact that pInt(
Theorem 9. Suppose that F : X → Y is a multifunction and A is an open subset of X. If F : X → Y is a lower (resp. upper) rarely s-precontinuous multifunction, then the restriction multifunction F | A : A → Y is a lower (resp. upper) rarely s-precontinuous multifunction.
Proof. Let N be an open subset of Y having connected complement. Suppose that x ∈ A and x ∈ (F | A ) − (N ). Since F : X → Y is lower rarely s-precontinuous multifunction, then there exist a rare set R N with N ∩ Cl(R N ) = ∅ and a preopen set K such that
It follows that the restriction multifunction F | A is a lower rarely s-precontinuous multifunction.
Remark 10. The following example shows that the restriction of a lower (resp. upper) rarely s-precontinuous multifunction to any subset of domain is not lower (resp. upper) rarely s-precontinuous in general.
Example 11. Let X = Y = {a, b, c, d} and τ = σ = {X, ∅, {a, d}, {c}, {a, c, d}}. Let F : (X, τ ) → (Y, σ) be a multifunction which is defined by
Then F is rarely s-precontinuous at b but F | A is not rarely s-precontinuous at b. 
for every open set M having connected complement with f (x) ∈ M , Proof. Suppose that y ∈ Y and x ∈ {x ∈ X : f (x) = y}. Since Y is s-T 2 , then there exist disjoint open sets M and N having connected complements such that f (x) ∈ M and y ∈ N .
It follows from that y / ∈ Cl(M ). Since f : X → Y is r-preopen rarely s-precontinuous, then there exists a preopen set A containing x such that
Suppose that A is not contained in {x ∈ X : f (x) = y}. Then there exists a point a ∈ A such that f (a) = y. Since f (A) ⊂ Cl(M ), then we have y = f (a) ∈ Cl(M ). This is a contradiction.
Therefore, A ⊂ {x ∈ X : f (x) = y} and {x ∈ X : f (x) = y} is preopen in X. Thus, {x ∈ X : f (x) = y} is preopen in X. Hence,
Recall that the graph of a function f : X → Y , denoted by G(f ), is the subset {(x, f (x)) : x ∈ X} of the product space X × Y . 
Proof. Suppose that (x, y) / ∈ G(f ). Then y = f (x). Since Y is s-Hausdorff, then there exist disjoint open sets N and K having connected complements such that y ∈ N and f (x) ∈ K, respectively. We have
Since f is rarely s-precontinuous, then there exists a preopen set M containing x such that Int(f (M )) ⊂ Cl(K). It follows from that Proof. It follows from Theorem 20.
